Introduction
It is well known that the gamma function Γ(z) is defined for Re z > 0 as
The psi or digamma function ψ(x) =
Γ (x)
Γ(x) , the logarithmic derivative of the gamma function, and the polygamma functions can be expressed for x > 0 and k ∈ N as
A function f is said to be completely monotonic on an interval I if f has derivatives of all orders on I which alternate successively in sign, that is
for x ∈ I and n ≥ 0. If inequality (6) is strict for all x ∈ I and for all n ≥ 0, then f is said to be strictly completely monotonic.
For x > 0 and s ≥ 0, we have
A function f is said to be logarithmically completely monotonic on an interval
for k ∈ N on I. If inequality (8) is strict for all x ∈ I and for all k ∈ N, then f is said to be strictly logarithmically completely monotonic.
In [4] it is proved that a (strictly) logarithmically completely monotonic function is also (strictly) completely monotonic. But not conversely, since a convex function may not be logarithmically convex (see Remark. 1.16 at page 7 in [3] ).
Completely monotonic functions have applications in many branches. For example, they play a role in potential theory, probability theory, physics, numerical and asymptotic analysis, and combinatorics. Some related references are listed in [1] .
It is well known that the function 1 + Among other things, the following completely monotonic properties are obtained in [4] : For α ≤ 0, the function
is strictly completely monotonic in (0, ∞).
In [2] the following two inequalities are presented: For x ∈ (0, 1), we have
For x ≥ 1,
Equality in (10) occurs for x = 1.
It is easy to see that
The main purpose of this paper is to give a strictly logarithmically completely monotonic property of the function
x in (0, ∞) as follows.
x is strictly logarithmically completely monotonic in (0, ∞).
As a direct consequence of the proof of Theorem 1, we have the following
Proof of Theorem 1
Define
for x > 0 and some fixed real numbers a, b and c.
Taking the logarithm of F (x) defined by (13) and differentiating yields
[ln
and
where n ≥ 2, ψ (−1) (x + 1) = ln Γ(x + 1), ψ (0) (x + 1) = ψ(x + 1), and
Therefore, we have
By letting a = c = 1 and b = 0, we have
By induction, it follows that
this implies
From formulas (3), (5) and (7), for x ∈ (0, ∞) and any nonnegative integer i, we 
